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ABSTRACT: The main objective of this study is introduce a new generalized differential 
operator 𝐷𝜆1,𝜆2
𝑘 ,𝛼 ,𝛽
  defined on the open unit disk 𝑈 = { 𝑍 ∈ ∁∶ |𝑍|  < 1}. And we obtain 
sufficient condition for univalent function of analytic function defined by this operator 𝐷𝜆1,𝜆2
𝑘 ,𝛼 ,𝛽
  
and new class containing this generalized differential  operator were studied and 
characterization  of these classes was  obtained. 
 




Theory of analytic univalent functions is one of the most fascinating topics in one complex 
variable. There are many remarkable theorems dealing with extremal problems for the class S 
of normalized univalent functions on the unit disk 𝑈 = { 𝑍 ∈ ∁∶ |𝑍|  < 1}. Dated from the 
Bieberbach conjecture which was solved by de Branges in 1985, to other work involving 
analytic and geometric aspects. A great variety of methods were developed to study these 
problems. 
 
1- ANALYTIC FUNCTIONS AND DEFINATION: 
A set of points in the plane is connected if any two points of the set can be connected A set of 
points in the plane is connected if any two points of the set can be connected by a continuous 
piecewise smooth curve all of whose points belong to the set. A connected open set in the 
complex plane is called a domain. A domain D is simply connected if any simple closed curve 
in D encircles only points of D and D has no holes. 
Definition 1-1: a function f(z) is said to be analytic in a domain D of the complex plan if f(z) 
has a derivative at each point  z  of  D [1] . 
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In addition a complex function w = f  ( z ) , defined by u = u ( x , y ) and  v = v (x , y ) where 
𝑧 = 𝑥 + 𝑖𝑦    𝑎𝑛𝑑 𝑤 = 𝑢 + 𝑖𝑣      wher f is analytic , its real and imaginary parts the Cauchy-













Note that the function f is said to be analytic at a point 𝑧, if 𝑧 is an interior point of some 
region where f is analytic. Hence the concept of analytic function at a point implies that the 
function is analytic in some circles with center at this point. 
 
Theorem 1.2. If f is analytic at a point 𝑧, then the derivative of f is continuous  at 𝑧, and f is 
analytic at a point 𝑧, then f has continuous derivatives of all order at the point 𝑧. 
       Note that since D is open, every point of D is the center of a neighbourhood that is also 
in D. This is necessary if the definition of derivative is to be applied at every point of D. 
 
 2- UNIVALENT FUNCTIONS S. 
Univalent function theory is moving fast area of research with continued interest in recent 
times injected by young researchers. This is classified under the broader area of geometric 
function theory due to the interplay between analysis and geometry. The Bieberbach’s 
conjecture, which remained open for a long time, has been positively settled by de Branges in 
1985. 
Definition 2.1 Let D be a domain in  𝐶 =  𝐶 ∪  { 𝐶} . A function of  f  said to be univalent        
in a domain 𝐷 if it is meromorphic and injective (one- to-one)  in  D  [2] 
We have included the assumption of meromorphy in the definition of univalence. Thus the 
function f is univalent in D if and only if it is analytic except for at most one pole and 𝑓(𝑧1) ≠
𝑓(𝑧2) if and only if 𝑍1 ≠ 𝑍2(𝑍1, 𝑍2 ∈ 𝐷) univalent in D implies univalent every domain of D. 
    Note that there exist functions which are univalent but not analytic in a given domain D. 
For example, the Mobius transformation 
𝑓( 𝑧 ) =
𝑎𝑧 + 𝑏 
𝑐𝑧 + 𝑑 
  , (𝑎 , 𝑏 , 𝑐 , 𝑑 ∈  ∁ , 𝑎𝑑 − 𝑏𝑐 ≠ 0 ) 
 which is univalent in  D, but it has a simple pole at 𝑧 =
−𝑑
𝑐
 . On other hand the function   𝑓(𝑧) =
𝑒𝑧 is analytic in the domain D, but it is not univalent in D since    𝑓(𝑧) = 2𝑛𝜋𝑖 = 𝑓(𝑧), ∀𝑧 ∈
𝐷, 𝑛 ∈ 𝑁. 
 
Now we list some simple properties of univalent functions, we assume that f is univalent in 
𝐷. 
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 (1) If g is univalent in G and if 𝑓(𝐷) = {𝑓(𝑧): 𝑧 ∈ 𝐷} ∈ 𝐺 then the composition g(f(z)) is 
univalent in D. In particular 
1
𝑓(𝑧)
 is univalent if and only if f(z) is univalent. 
(2) An analytic function is injective in some neighborhood of a point if and only if its derivative 
does not vanish at that point. Hince 𝑓′(𝑧) ≠ 0 for z∈ 𝐷. The converse does not hold, for 




is analytic and univalent near  𝑧0 and therfor has a non vanishing derivative at 𝑧0. It follows 
that 𝑧0 must be a simple pole. 
One of the most basic results in the theory of univalent functions in one variable is the Riemann 
mapping theorem. By this theorem, the study of conformal mapping on simply connected 
domains may be reduced to the study of functions that are univalent on the unit disk. 
Theorem 2.2 (Riemann mapping theorem) Every simply connected domain D which is a 
proper subset of can be mapped conform ally onto the unit disk. 
Definition 2.3: A function of the form  𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑛𝑧
𝑛∞
𝑛=2  is said to be normalized if  f  
is univalent and has this form , it is called a normalized univalent function . 
In this paper we are mainly concerned with analytic function  f  which is univalent on the  
open unit disk 𝑈 = { 𝑍 ∶ |𝑍|  < 1} . we can normalize f with the condition  𝑓(0) = 𝑓′(0) −
1 = 0 and whrite 




                                          (1) 
this class of function be denoting by S. 
Example 2.4. The most important member of the class S is the Koebe function  which given 
by: 





















and observing that the function 




maps U conformally onto the right half – plane Re{w } > 0. The sequence of mappi 
used in building k (z ) is indicated in  this Figure: 
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     U                                       {Re {z } > 0}                              ℂ/ (−∞,−1/ 4] 
Fig1: The Koebe function maps U onto ℂ / (-∞,-1/ 4] 
Source: [9]. 
 
3-1  Main result 
Now we will introduce a new generalized differential operator, and  obtain sufficient 
conditions for univalence of analytic function defined by this operator 𝐷    𝜆1𝜆2 
𝑘 ,𝛼,𝛽
 In addition, we 
provide a necessary and sufficient condition for a function f analytic in U to be in the 
classes𝜇𝜆1𝜆2
𝑘 ,𝛼,𝛽(𝑥, 𝛼) and  T 𝜇𝜆1𝜆2
𝑘 ,𝛼,𝛽(𝑥, 𝛼) , growth and distortion theorems will be considered 
and covering property for function in the class will also be given. 
         Let H  be the class of functions analytic in 𝑈 = {𝑧 ∈ 𝐶: |𝑧| < 1} and H  [𝑎, 𝑛] be the 
subclass of H  consisting of functions of the form𝑓(𝑧) = 𝑎 + 𝑎𝑛𝑧
𝑛 + 𝑎(𝑛+1)𝑧
(𝑛+1) + ⋯ let A 
be the subclass of  H  consisting of functions of the form given by (1). We  will define a new 
operator by merging two operators, that is the Darus and Ibrahim operator 𝐷𝜆
𝑘 ,𝛼
 and darus and 
AL-Abbadi operator 𝜇𝜆1𝜆2
𝑘  the first tow operator , Darus and Ibrahim [7] and , Darus and AL-
Abbadi are given as folloing . 
we will use the hadamard  product , as we will use the same technique that A.Osah in [10] 
and M.thirucheran in [11] used .  
Dafinition 3.1.1 let f ∈ A given by (1) we define a derivative operator  𝐷𝜆









2) z (1 
𝑈 
0 
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Let  









 , 𝜆 ≥ 0 








𝑘 ,𝛼𝑓(𝑧) =  𝑍 + ∑[𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆]𝑘 𝑎𝑛𝑧




Definition 3.1.2 Letf ∈ A ,we define a derivative  operator 𝜇𝜆𝟏𝝀𝟐
𝒌   ,𝜹 : 𝑨 → 𝑨  as follows [3]: 
𝜇𝜆1𝜆2
𝑘   ,𝛿  𝑓(𝑧) =  𝜑𝜆1𝜆2
        𝑘 (𝑧) ∗  𝑅𝛿𝑓 (𝑧) ∙ (𝑧 𝜖 𝑈 )                                 (2) 
where 𝑘, 𝛿 ∈ 𝑁0 =  {0, 1 , 2 , … }, 𝜆1 ≥ 𝜆2 ≥ 0  and  𝑅
𝛿𝑓 (𝑧) denotes the Ruscheweyh 
derivative operator which given by]4[: 





  𝑇ℎ𝑒 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝜑𝜆1𝜆2
        𝑘 (𝑧)  𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑎𝑠 𝑓𝑜𝑙𝑙𝑤𝑠:      
𝜑𝜆1𝜆2
        𝑘 (𝑧) = 𝑍 + ∑ [
1 + (𝑛 − 1)𝜆1







Now if f is given by (1), then from (2) that  
 
𝜇𝜆1𝜆2
𝑘   ,𝛿  𝑓(𝑧) = 𝑍 +  ∑ [
1 + (𝑛 − 1)𝜆1
1 + (𝑛 − 1)𝜆2
]
𝑘
𝑐 ( 𝛿, 𝑛 )𝑎𝑛𝑧
𝑛, (𝑧 ∈ 𝑈)
∞
𝑛=2
                   (3) 




This operator investigates the following equality: 
𝜇𝜆1𝜆2
𝑘+1   ,𝛿  𝑓(𝑧) = (1 − 𝜆1)[𝜇𝜆1𝜆2
𝑘   ,𝛿  𝑓(𝑧) ∗ 𝜑0,𝜆2
        1 (𝑧)] + 𝜆1[𝜇𝜆1𝜆2
𝑘   ,𝛿  𝑓(𝑧) ∗ 𝜑0,𝜆2
        1 (𝑧)] 
where (Z ∈U) and  𝜑0,𝜆2
        1 (𝑧)   analytic function given by : 
𝜑0,𝜆2
        1 (𝑧) = 𝑍 + ∑
𝑧𝑛




now we will define uor new generalized derivative operator . 
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Definition 3.1.3 Let f ∈ A , and f defined by (1), we define a derivative operator  𝐷    𝜆1𝜆2
 𝑘,𝛼,𝛽
:A→
𝐴  as follows : 
 
Let 









 , 𝜆1 ≥ 0 
then we get the function 






⏟𝛽𝑘−𝑡𝑖𝑚𝑒𝑠 ∗ 𝑓(𝑧)   
𝐷𝜆1
𝑘 ,𝛼𝑓(𝑧) =  𝑍 + ∑[𝑛𝛼 + 𝑛𝛼  (𝑛 − 1)𝜆1]
𝑘 𝑎𝑛𝑧




Now let F -1(z ) be defined such that 
𝐹(𝑍) ∗ 𝐹−1(𝑍) =  
𝑍
1 − 𝑍




next , let 









 , 𝜆2 ≥ 0 
 then we get the function  






⏟𝛽𝑘−𝑡𝑖𝑚𝑒𝑠 ∗ 𝑓(𝑧) 




−1(𝑍 ) ∗ 𝑓(𝑧) 
𝐷𝜆2
𝑘 ,𝛽











𝑓(𝑧) = 𝑍 +  ∑
𝑎𝑛
[𝑛𝛽 + 𝑛𝛽 (𝑛 − 1)𝜆1]𝑘













𝑓(𝑧) =  𝑍 + ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1







                        (4) 
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Where 𝑘 ∈ 𝑁0 =  {0, 1 , 2 , … } , 𝛽 ≥  𝛼 ≥ 0 𝑎𝑛𝑑  𝜆2 ≥ 𝜆1 ≥ 0 




𝑓(𝑧) = (1 − 𝜆1) [𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) ∗ 𝜑0 , 𝜆2
1,𝛼 ,𝛽
𝑓(𝑧)] + 𝜆1𝑧 [𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) ∗ 𝜑0 , 𝜆2
1,𝛼 ,𝛽
𝑓(𝑧)] 
Where (z ∈U ) and 𝜑0 , 𝜆2
1,𝛼 ,𝛽
𝑓(𝑧)  analytic function given by: 
𝜑0 , 𝜆2
1,𝛼 ,𝛽
𝑓(𝑧) =  𝑍 +  ∑
𝑎𝑛




                   (1 − 4) 
Remark 3.1.4 By specializing the parameters 𝑘, 𝛼, 𝛽 and 𝜆1 𝜆2 we optind the following 
operators studied by different authors: 
(1)  𝐷1102
𝑘,0 ,0












 denotes the generalized derivative operator given by Darus and Al-Abbad I [3] 
 
3-2 PRELIMINARIES 
To establish our results, we need the following: 
 
Lemma 3.2.1:   Let f ∈ A . If for all z ∈U 
(1 − |𝑧|2) |
𝑧𝑓"(𝑧)
𝑓′(𝑧)
| ≤ 1                               (5) 
Then the function f is univalent in U [2] 
Lemma3.2.2 Let µ be a real number, 𝜇 > 1/ 2 and  if for all z ∈U,f𝜖𝐴 
(1 − |𝑧|2𝜇) |
𝑧𝑓"(𝑧)
𝑓′(𝑧)
+  1 − 𝜇| ≤ 𝜇 
Then the function f is univalent in U   [4] 
Lemma 3.2.3 Let v be complex number, given  by R{v } ≥0 and f𝜖𝐴If for all z ∈U  [8] 
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| ≤ 1                                                      (6) 
then the function 








is univalent in U. 
Lemma 3.2.4 : If f (z ) ∈S (the class of univalent functions) and.  [9] 
𝑧
𝑓(𝑧)




                                             (7) 
then 
∑(𝑛 − 1)|𝑏𝑛|




3.3 THE MAIN RESUITS: 
In this section, we establish the sufficient conditions to obtain a univalence criteria for analytic 
functions involving the differential operator given by (1). 
Theorem3.3.1 Let f ∈ A and for all z ∈U 
∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1
𝑛𝛽 +  (𝑛 − 1)𝑛𝛽𝜆2
]
𝑘
 [𝑛 (2𝑛 − 1)]|𝑎𝑛| ≤ 1
∞
𝑛=2
                       (8 ) 
then 𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧)  is univalent U 
Proof: Let f ∈ A , then for all z ∈U we have 









= (1 − |𝑧|2) |
|
𝑍 [∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1
𝑛𝛽 +  (𝑛 − 1)𝑛𝛽𝜆2
]
𝑘
 [𝑛 (𝑛 − 1)]𝑎𝑛𝑧
𝑛−2 ∞
𝑛=2 ]
[1 + ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1
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= (1 − |𝑧|2) |
|
𝑍 [∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1
𝑛𝛽 +  (𝑛 − 1)𝑛𝛽𝜆2
]
𝑘
 [𝑛 (𝑛 − 1)]𝑎𝑛𝑧
𝑛−2 ∞
𝑛=2 ]
[1 + ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1








                                        ≤
2 ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1
𝑛𝛽 +  (𝑛 − 1)𝑛𝛽𝜆2
]
𝑘
 [𝑛 (𝑛 − 1)]|𝑎𝑛|
∞
𝑛=2
[1 − ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1












 [𝑛 (2𝑛 − 1)]|𝑎𝑛| ≤ 1
∞
𝑛=2  holdes and we have 








′ | ≤ 1 
thus in view of lemma ( 3.2.1 ) 𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) is univalent in U. 
Theorem 3.3.2  Let f ∈ A , if  for all z ∈U, and 
∑ 𝑛[2(𝑛 − 1) + (2𝜇 − 1)] [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1
𝑛𝛽 +  (𝑛 − 1)𝑛𝛽𝜆2
]
𝑘





                      (9) 
then 𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) is univalent in U. 


















′ | + |1 − 𝜇| 
≤
2 ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1
𝑛𝛽 +  (𝑛 − 1)𝑛𝛽𝜆2
]
𝑘
 [𝑛 (𝑛 − 1)]|𝑎𝑛|
∞
𝑛=2
[1 − ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1






+ |1 − 𝜇| ≤ 𝜇 
This inequality is less than 𝜇   if the assertion  (9) holds and we have 
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′ | ≤ 1 
There for by lemma (3.2.3) 𝐺𝑣 (𝑧) is univalent 

















Proof: Let f ∈ A . Then in view of Theorems 3.3.1, 3.3.2, 𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) is univalent in U  , Hence 










Then  ∑ (𝑛 − 1)|𝑏𝑛|
2 ≤ 1∞𝑛=2 , We obtain the required result. 
 
4- ON SUBCLASS OF ANALYTIC UNIVALENT  FUNCTIONS ASSOCLATED 
WITH NEGATIVE COEFFICIENTS: 
Let T (x ) denote the subclass of S (x ) consisting of functions of the form: 
𝑓(𝑧) = 𝑧 − ∑ |𝑎𝑛|𝑧
𝑛 , 𝑥 ∈ 𝑁{ 1 ,2, 3, … }
∞
𝑛=𝑥+1
                                              (10) 
defined on the open unit disk 𝑈 = { 𝑍 ∈ 𝐶 ∶ |𝑍|  < 1} , a function 𝑓 ∈ 𝑇 (𝑥) is called a 
function with negative coefficient. Now (𝑥) denotes the Pochhammer symbol (or the shifted 
factorial) defined by 
 
(𝑥)𝑛
Г (𝑥 + 𝑛)
Г(𝑥)
= {1                                                                𝑓𝑜𝑟 𝑛 = 0, 𝑥
∈ 𝐶{0}  𝑥(𝑥 + 1)(𝑥 + 2) … … . (𝑥 + 𝑛 + 1)       𝑓𝑜𝑟 𝑛 ∈ 𝑁 𝑎𝑛𝑑 𝑥 ∈ 𝐶  
By making use of the generalized derivative operator 𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) , we introduce a new     
subclass as follows 
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Definition 4.1 : in [3]     for b  0 ≤  𝛼 < 1 , ( 𝑘 ∈  𝑁0 = { 0 , 1 , 2, … }, 𝛽 ≥ 𝛼 ≥ 0 
     and   𝜆1 ≥ 𝜆2  ≥ 0) let 𝜇𝜆1𝜆2










)  >  𝛼 , (𝑧 ∈ 𝑈)                                                 (11) 
Where  𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) defined by (1.3) , {𝑥 = 1, 2, 3, … . . (𝑧 ∈ 𝑈)and 𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) ≠ 0 . 
Further, we defined the class 𝑇𝜇𝜆1𝜆2
𝑘,𝛼 ,𝛽(𝑥, 𝛼) by  
𝑇𝜇𝜆1𝜆2
𝑘,𝛼 ,𝛽(𝑥, 𝛼) = 𝜇𝜆1𝜆2
𝑘,𝛼 ,𝛽(𝑥, 𝛼) ∩ 𝑇(𝑥), {1,2,3, … }                                                    (12) 
for 0 ≤ 𝛼 < 1, (𝑘 ∈  𝑁 = {0,1,2 … . }, 𝛽 ≥ 𝛼 ≥ 0 𝑎𝑛𝑑 𝜆1 ≥ 𝜆2 ≥ 0. 
conclusion and recommendation : 
This study has introduce a new generalized differential operator 𝐷𝜆1,𝜆2
𝑘 ,𝛼 ,𝛽
  defined on the open 
unit disk by merging two operators, that is the Darus and Ibrahim operator 𝐷𝜆
𝑘 ,𝛼
 and darus and 
AL-Abbadi operator 𝜇𝜆1𝜆2
𝑘   as follows 
𝐷𝜆1𝜆2
𝑘,𝛼 ,𝛽
𝑓(𝑧) =  𝑍 + ∑ [
𝑛𝛼 +  (𝑛 − 1)𝑛𝛼𝜆1







                        
            where 𝑘 ∈ 𝑁0 =  {0, 1 , 2 , … } , 𝛽 ≥  𝛼 ≥ 0 𝑎𝑛𝑑  𝜆2 ≥ 𝜆1 ≥ 0 
Based on the result of this study , we establish the sufficient conditions to obtain a univalence 
criteria for analytic functions involving our a new generalized differential operator 𝐷𝜆1,𝜆2
𝑘 ,𝛼 ,𝛽
 . 
It is recommended that the generalized differential operator obtained her the will known 
operators and many interesting result such as the provide a necessary and sufficient condition 
,distortion result and sandwich theorem are found . further many other results are yet to be 
studied. 
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 ألحادية تتضمن معادلة تفاضلية جديدة معدلةبعض خصائص فئة من الدوال ا
 محمد مسعود األرقط2،  عفاف أبوبكر السحيلي1
 ، ليبياجامعة صبراتة،كلية التربية زلطن ،قسم الرياضيات 1




𝑈الدراسة هو تقديم  معادلة تفاضلية جديدة محددة و معدلة  معرفة على قرص الوحدة المفتوح  الهدف الرئيسي من هذه  =
{ 𝑍 ∈ ∁∶ |𝑍|  < حيث تحصلنا على الشروط الكافية للدالة التحليلية  المحددة بواسطة هذه المعادلة ومن ثم  تم دراسة   .{1
 معدل .فئة جديدة تحتوي  هذه المعادلة بواسطة المؤثر التفاضلي  ال
